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• Introduction: a two-state QM • Weak interaction & 
neutrino oscillation

• Origin of neutrino mass • Conclusion
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A two-state problem
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Quantum mechanics of a two-state system
• Schroedinger’s cat (an illustration): 
Observation – Alive(undecayed) or Dead(decayed)

• Non-simultaneous observables: 

• Hamiltonian: energy operator of the system

Alive or Dead at t?

cf) 𝐻𝐻 = 𝐸𝐸0 −
𝑖𝑖
2
Γ

• If
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• Energy eigenstates:

Superposition of  A & D: to be or not to be?

• The poor cat state after some time:

• Probability to be found dead at t:
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Weak interaction & 
neutrino oscillation
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From beta decay to two neutrinos

Electron 
neutrino Muon

neutrino

2016-12-17 Winter Camp "Neutrino Oscillation" 7

Two flavor/generation/family



Weak interaction & Higgs mechanism

Higgs mechanism

2016-12-17 Winter Camp "Neutrino Oscillation" 8



Standard Model 
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Neutrino Oscillation

Two neutrinos

Production Detection

𝑊𝑊± 𝑊𝑊±
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Two Neutrino Oscillation Probability
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Three Neutrino Oscillation

atmospheric solarreactor
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Oscillation probability: general formula

Production Detection

𝑊𝑊± 𝑊𝑊±

𝑼𝑼𝒆𝒆𝒆𝒆 𝑼𝑼𝝁𝝁𝒆𝒆∗

𝐴𝐴𝑒𝑒𝑒𝑒 ≡ 𝐴𝐴(𝜈𝜈𝑒𝑒→ 𝜈𝜈𝑒𝑒) = �
𝑖𝑖

𝑈𝑈𝑒𝑒𝑖𝑖𝑒𝑒
−𝑖𝑖
𝑚𝑚𝑖𝑖
2

2𝐸𝐸𝐿𝐿𝑈𝑈𝑒𝑒𝑖𝑖∗

𝑃𝑃𝛼𝛼𝛼𝛼 = 𝐴𝐴𝛼𝛼𝛼𝛼
2 = 𝛿𝛿𝛼𝛼𝛼𝛼 − 4�

𝑖𝑖>𝑗𝑗

ℜ 𝑈𝑈𝛼𝛼𝑖𝑖∗ 𝑈𝑈𝛼𝛼𝑖𝑖𝑈𝑈𝛼𝛼𝑗𝑗𝑈𝑈𝛼𝛼𝑗𝑗
∗ sin2 Δ𝑚𝑚𝑖𝑖𝑗𝑗

2 𝐿𝐿
4𝐸𝐸

−2�
𝑖𝑖>𝑗𝑗

ℑ 𝑈𝑈𝛼𝛼𝑖𝑖∗ 𝑈𝑈𝛼𝛼𝑖𝑖𝑈𝑈𝛼𝛼𝑗𝑗𝑈𝑈𝛼𝛼𝑗𝑗
∗ sin 2Δ𝑚𝑚𝑖𝑖𝑗𝑗

2 𝐿𝐿
4𝐸𝐸
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(homework)



Neutrino oscillation mass & mixing

• If massless (𝑚𝑚𝑖𝑖 = 0), 𝑃𝑃𝛼𝛼𝛼𝛼 = 𝛿𝛿𝛼𝛼𝛼𝛼 .

• If no mixing (𝑈𝑈 = 𝐼𝐼), 𝑃𝑃𝛼𝛼𝛼𝛼 = 𝛿𝛿𝛼𝛼𝛼𝛼 .
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Anti-neutrino oscillation
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𝑃𝑃�𝛼𝛼�𝛼𝛼 = 𝐴𝐴(�̅�𝜈𝛼𝛼 → �̅�𝜈𝛼𝛼) 2 = 𝛿𝛿𝛼𝛼𝛼𝛼 − 4�
𝑖𝑖>𝑗𝑗

ℜ 𝑈𝑈𝛼𝛼𝑖𝑖∗ 𝑈𝑈𝛼𝛼𝑖𝑖𝑈𝑈𝛼𝛼𝑗𝑗𝑈𝑈𝛼𝛼𝑗𝑗
∗ sin2 Δ𝑚𝑚𝑖𝑖𝑗𝑗

2 𝐿𝐿
4𝐸𝐸

+2�
𝑖𝑖>𝑗𝑗

ℑ 𝑈𝑈𝛼𝛼𝑖𝑖∗ 𝑈𝑈𝛼𝛼𝑖𝑖𝑈𝑈𝛼𝛼𝑗𝑗𝑈𝑈𝛼𝛼𝑗𝑗
∗ sin 2Δ𝑚𝑚𝑖𝑖𝑗𝑗

2 𝐿𝐿
4𝐸𝐸

𝑃𝑃𝛼𝛼𝛼𝛼 − 𝑃𝑃�𝛼𝛼�𝛼𝛼 = −4�
𝑖𝑖>𝑗𝑗

ℑ 𝑈𝑈𝛼𝛼𝑖𝑖∗ 𝑈𝑈𝛼𝛼𝑖𝑖𝑈𝑈𝛼𝛼𝑗𝑗𝑈𝑈𝛼𝛼𝑗𝑗∗ sin 2Δ𝑚𝑚𝑖𝑖𝑗𝑗
2 𝐿𝐿
4𝐸𝐸

≠ 0 Complex U 
 CP violation



Three neutrino oscillation
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where 𝐽𝐽 = ℑ 𝑈𝑈𝛼𝛼𝛼∗ 𝑈𝑈𝛼𝛼𝛼𝑈𝑈𝛼𝛼2𝑈𝑈𝛼𝛼2
∗ = −ℑ 𝑈𝑈𝛼𝛼𝛼∗ 𝑈𝑈𝛼𝛼𝛼𝑈𝑈𝛼𝛼1𝑈𝑈𝛼𝛼1

∗ = ℑ(𝑈𝑈𝛼𝛼2∗ 𝑈𝑈𝛼𝛼2𝑈𝑈𝛼𝛼1𝑈𝑈𝛼𝛼1
∗ )

𝑃𝑃𝛼𝛼𝛼𝛼/�𝛼𝛼�𝛼𝛼 = 𝛿𝛿𝛼𝛼𝛼𝛼 − 4ℜ 𝑈𝑈𝛼𝛼𝛼∗ 𝑈𝑈𝛼𝛼𝛼𝑈𝑈𝛼𝛼2𝑈𝑈𝛼𝛼2
∗ Δ𝑚𝑚𝛼2

2 𝐿𝐿
4𝐸𝐸

−4ℜ 𝑈𝑈𝛼𝛼𝛼∗ 𝑈𝑈𝛼𝛼𝛼𝑈𝑈𝛼𝛼1𝑈𝑈𝛼𝛼1
∗ Δ𝑚𝑚𝛼1

2 𝐿𝐿
4𝐸𝐸

−4ℜ(𝑈𝑈𝛼𝛼2∗ 𝑈𝑈𝛼𝛼2𝑈𝑈𝛼𝛼1𝑈𝑈𝛼𝛼1
∗ ) Δ𝑚𝑚21

2 𝐿𝐿
4𝐸𝐸

∓2 𝐽𝐽 sin 2Δ𝑚𝑚𝛼2
2 𝐿𝐿
4𝐸𝐸 + sin 2Δ𝑚𝑚1𝛼

2 𝐿𝐿
4𝐸𝐸 + sin 2Δ𝑚𝑚21

2 𝐿𝐿
4𝐸𝐸

Jarlskog Invariant – measure of CPV (homework)



Three neutrino oscillation
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• For Δ𝑚𝑚𝛼2
2 ≈ Δ𝑚𝑚𝛼1

2 ≫ Δ𝑚𝑚21
2

𝑃𝑃𝑒𝑒𝑒𝑒≈ 4 𝑈𝑈𝑒𝑒𝛼𝑈𝑈𝑒𝑒𝛼
2 sin2 Δ𝐴𝐴 − 4ℜ 𝑈𝑈𝑒𝑒1𝑈𝑈𝑒𝑒2∗ 𝑈𝑈𝑒𝑒1∗ 𝑈𝑈𝑒𝑒2 sin2 Δ𝑆𝑆 − 2𝐽𝐽 sin(2Δ𝑆𝑆)

𝑃𝑃𝑒𝑒𝜏𝜏 ≈ 4 𝑈𝑈𝑒𝑒𝛼𝑈𝑈𝜏𝜏𝛼 2 sin2 Δ𝐴𝐴 − 4ℜ 𝑈𝑈𝑒𝑒1𝑈𝑈𝑒𝑒2∗ 𝑈𝑈𝜏𝜏1∗ 𝑈𝑈𝜏𝜏2 sin2 Δ𝑆𝑆 + 2𝐽𝐽 sin(2Δ𝑆𝑆)
𝑃𝑃𝑒𝑒𝜏𝜏≈ 4 𝑈𝑈𝑒𝑒𝛼𝑈𝑈𝜏𝜏𝛼

2 sin2 Δ𝐴𝐴 − 4ℜ 𝑈𝑈𝑒𝑒1𝑈𝑈𝑒𝑒2∗ 𝑈𝑈𝜏𝜏1∗ 𝑈𝑈𝜏𝜏2 sin2 Δ𝑆𝑆 − 2𝐽𝐽 sin(2Δ𝑆𝑆)

where Δ𝐴𝐴 ≡ Δ𝑚𝑚𝛼1
2 𝐿𝐿

4𝐸𝐸
& Δ𝑆𝑆 ≡ Δ𝑚𝑚21

2 𝐿𝐿
4𝐸𝐸

. (homework)



What we know now 
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Three observed oscillations

• For reactor neutrinos, 𝜈𝜈𝑒𝑒 → 𝜈𝜈𝑒𝑒,𝜏𝜏

Δ𝐴𝐴= Δ𝑚𝑚31
2 𝐿𝐿
4𝐸𝐸

∼ 10−3eV2 1km
10−3GeV

∼ 1 ≫ Δ𝑆𝑆
𝑃𝑃𝑒𝑒 𝑒𝑒+𝜏𝜏 ≈ 4 𝑈𝑈𝑒𝑒𝛼 2 1 − 𝑈𝑈𝑒𝑒𝛼 2 sin2 Δ𝐴𝐴 = sin2 2𝜃𝜃1𝛼 sin2 Δ𝐴𝐴

• For atmospheric neutrinos, 𝜈𝜈𝑒𝑒 → 𝜈𝜈𝜏𝜏
Δ𝐴𝐴 = Δ𝑚𝑚31

2 𝐿𝐿
4𝐸𝐸

∼ 10−3eV2 104km
10 GeV

∼ 1 ≫ Δ𝑆𝑆

𝑃𝑃𝑒𝑒𝜏𝜏 ≈ 4 𝑈𝑈𝑒𝑒𝛼
2 𝑈𝑈𝜏𝜏𝛼 2 sin2 Δ𝐴𝐴 = cos4(𝜃𝜃1𝛼)sin2 2𝜃𝜃2𝛼 sin2 Δ𝐴𝐴

• For Solar neutrinos, 𝜈𝜈𝑒𝑒 → 𝜈𝜈𝑒𝑒,𝜏𝜏

Δ𝑆𝑆 = Δ𝑚𝑚21
2 𝐿𝐿
4𝐸𝐸

∼ 10−5eV2 1011km
10−3 GeV

?  flavor transition in matter (MSW effect) 
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Unknown neutrino mass hierarchy
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LBL experiments
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𝐿𝐿 ∼ 10𝛼𝑘𝑘𝑚𝑚



Majorana (𝜈𝜈 = 𝜈𝜈𝑐𝑐)or Dirac (𝜈𝜈 ≠ 𝜈𝜈𝑐𝑐)?
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Majorana mass and beta decays
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0nbb limits
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AMoRE



Origin of tiny neutrino mass? 
• Introduce a SM-charge neutral fermion 𝑁𝑁 to form a mass 
matrix with the SM neutrino 𝜈𝜈 ∶

𝜈𝜈, 𝑁𝑁 𝜈𝜈𝐿𝐿 𝜈𝜈𝐻𝐻
0 𝑚𝑚𝐷𝐷
𝑚𝑚𝐷𝐷 𝑀𝑀 → −𝑚𝑚𝐷𝐷

2

𝑀𝑀
0

0 𝑀𝑀

• If 𝑀𝑀 = 0, 𝑚𝑚𝜈𝜈 = 𝑚𝑚𝐷𝐷~0.1 eV
• If 𝑚𝑚𝐷𝐷~100 GeV, 𝑀𝑀~1014 GeV → 𝑚𝑚𝜈𝜈~0.1 eV

If M~100 GeV, 𝑚𝑚𝐷𝐷~10−4 GeV → 𝑚𝑚𝜈𝜈~0.1 eV
2016-12-17 Winter Camp "Neutrino Oscillation" 25

𝑚𝑚𝐷𝐷 = 𝑦𝑦𝜈𝜈 𝑣𝑣

𝑦𝑦𝜈𝜈 ~1
𝑦𝑦𝜈𝜈 ~10−6

𝑦𝑦𝜈𝜈 ~10−12 (Dirac)

(Majorana)



Conclusion
• Oscillation – a novel quantum phenomenon.

• Nature is kind enough to exhibit observable neutrino 
oscillation phenomena and thus let us know the existence of 
neutrino masses and mixing. 

• Our task is to find out the origin of tiny neutrino masses.
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